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Abstract 

Lattice dynamical calculations to the full accuracy of 
the models are presented for the Debye-Waller B 
values for 17 zinc-blende-structure materials over the 
temperature range 1 to 1000 K (where appropriate). 
The materials are GaP, GaSb, GaAs, InP, InSb, InAs, 
ZnO, ZnS, ZnSe, ZnTe, CdTe, HgSe, HgTe, CuC1, 
CuBr, CuI and SiC. The models considered were the 
best lattice dynamical models available that have been 
fitted to phonon frequencies measured by neutron 
scattering. These include the shell model, the valence- 
shell model, the deformation-dipole model, the defor- 
mation-ion model and the rigid-ion model. From one to 
five models were used for each material, depending on 
the availability of published parameters. For some 
materials different parametrizations of the same model 
were examined. Intermodel comparisons show that the 
substantial difference in B values predicted by different 
models is attributable principally to the different 
eigenvectors they produce. Comparisons with fairly 
recent experimental results highlight the paucity of 
reliable measured values as a function of temperature 
and the unreliability and frequent inadequacy of 
models. The 14-parameter shell model is generally 
found to be the best. 

Introduction 

This account of the Debye-Waller factors has grown 
for several reasons to include 17 zinc-blende-structure 
materials. Since the earlier studies of Vetelino, Gaur & 
Mitra (1972) and Talwar & Agrawal (1974) there have 
become available a number of more sophisticated 
lattice dynamical models that fit measured phonon 
frequencies to good accuracy. The requirement of 
trustworthy Debye-Waller factors in calculations of 
TDS, LEED, EXAFS, impurity scattering, band 
structure and other fields suggested that the Debye- 
Waller factors given by these better models should be 
made available. The slowly increasing number of 
experimental investigations into the Debye-Waller 
factors of the zinc-blende-structure materials also 
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requires a background of the best harmonic values 
against which the measured values can be assessed for 
consistency, anharmonicity and, possibly, dynamic 
deformation effects. Finally, the wide range of materials 
having this structure makes it particularly appropriate 
to use this group of materials to study the value of the 
Debye-Waller factor as a useful test of the reason- 
ableness of the lattice dynamical models themselves. In 
particular, the Debye-Waller factors are sensitive to 
some aspects of the model eigenvectors. These are not 
directly measured or fitted by the inelastic neutron 
scattering experiments that are used to determine the 
models. Hence a good measurement of the Debye-  
Waller factors tests simply a feature of the models 
otherwise difficult to investigate. For this reason, all the 
good lattice dynamical models current in the literature 
have been included. It is hoped that one by-product of 
this study will be to provide further encouragement to 
those in a position to make reliable measurements of 
Debye-Waller B values as a function of temperature. 

All the results given here, with the exception of the 
deformable-ion model predictions and those for the 
mercury compounds were presented at the XIIth 
International Congress of Crystallography (Reid, 
1981). 

The calculations 

From the model frequencies w(qj) for wavevectors q, 
and the eigenvectors 8' (k/qj) for the k atom (k = 1, 2 
for cation and anion), the Debye-Waller B k can be 
expressed as usual as 

8z~ 2 1 (__~) 
ek . . . .  Z Ig' ( k / q j )  [ 2. (1) 

3m k N ~ qJ 

Eqj is the energy in the mode q j, m k the mass of the kth 
atom and N the number of wavevectors in the 
summation over the Brillouin zone. 

In the interests of simplicity, schemes for analytic 
manipulation of this expression to reduce the amount of 
irreducible eigendata required were avoided and the 
sum was evaluated directly. The expression already 
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incorporates the cubic symmetry  of the unit cell and 
allows diagonalizat ion of the dynamical  matrix to be 
restricted to 1/48th of the Brillouin zone, provided the 
multiplicity of  symmetry-related q values in the rest of 

the zone is correctly accounted.  The B values to be 
presented were all calculated with 12020 diagonal- 
izations, equivalent to 3 0 7 2 0 0 0  terms contributing 
to the sum (1). Though  such a large number  is not 
necessary for reasonable accuracy,  it ensures conver- 
gence to four decimal places, removing any doubt  that 
the calculations themselves introduce error or that the 
zero-phonon contribution is inadequate.  

Fig. 1 shows the typical convergence with increasing 
wavevector  sample size. This sampling considerably 
exceeds the density employed by authors who have 
determined the mean-square  vibrational amplitudes in a 
few of  the source papers of  the models to be quoted. 
Their results are generally worth  recalculating, both to 
improve the accuracy and to introduce consistency in 
the intermodel  comparisons.  

Cont rary  to the estimates of  Vetelino et al. (1972), it 
was found that  the zero-phonon contribution is 
significant. The contribution of q = 0 to (1) represents  
the average contribution over a volume (1 /N)th  of  the 
whole zone surrounding q = 0. If this ' ze ro-phonon '  
volume, V z, is divided into a very small number  of  
subvolumes,  as it would be with a very much larger 
choice of  sampling density, and this division carried to 
indefinite limits, then the contribution (Z)  of  the 
zero-phonon volume becomes 

1 8n 2 (__~_) 
Z = - - V z  3 N m , ~ f  uj i$ '(k/qj)12dVz(2) 

= Z A + Z o, (3) 
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Fig. I. A typical convergence of B with increasing wavevector 
sample size, shown here for BGa in GaAs. n is the number of 
sample wavevectors along [100] to the zone boundary on a 
uniform mesh covering the Brillouin zone. The total number of 
wavevectors in the sample is N = (2n) 3. The good convergence 
testifies to the effectiveness of the zero-phonon treatment since 
over 5 % of the total B value is contributed by this one term with 
n=5 .  

where Z A represents the partial sum over acoustic 
modes  and Z o the partial sum over optic modes.  

A slightly improved strategy was adopted for the 
evaluation of Z compared  with the earlier work of Reid 
& Pirie (1980) on the group IV elements. A selection of 
over 200 small wavevectors  in the dispersionless region 
was used to sample values of  the integrand over a star 
of directions for all six branches.  The optic average Z o 
is simply evaluated, al though it is very small compared  
with the acoustic term. The acoustic contribution from 
each branch depends on the average inverse square 
slope of the branches and the Debye integral term 

h wr~ax/ k T 
kT  ( x dx (4) 

. T ( T ) -  hcoma x od (e ~ -  1)' 

Table 1. A summary of the models investigated for 
each material 

The models are the 14-parameter shell model (SM); the 12- 
parameter valence-shell model (VSM); the deformable-ion model 
(DIM); the 15-parameter deformable-dipole model (DDM) and 

the 11-parameter rigid-ion model (RIM). 

GaP GaSb GaAs InP 
SM a SM(A) a SM I VSM g 
VSM b SM(B) a VSM b RIM ~ 
DDM e VSM b DDM C 
RIM c RIM e RIM e 

ZnO ZnS ZnSe ZnTe 
VSM b VSM(Ia) t VSM b VSM(I) t 

VSM(IIa) t DDM c VSM(II) t 
DIM" RIM e RIM" 
DDM e 
RIM e 

HgTe CuC1 CuBr CuI 
DDM q SM r SM(I)" SM ~ 
RIM q DDM e SM(II)" DDM w 

DIM * RIM t RIM c 
RIM(l) / 
RIM(2) ~ 

InSb InAs 
SM i VSM(A) g 
VSM ~ VSM(B) g 
DIM: RIM* 
DDM e 
RIM e 
CdTe HgSe 
SM(I) ° RIM p 
SM(II) ° 
RIM" 

SiC 
DDM e 
RIM e 

References: (a) Yarnell, Warren, Wenzel & Dean (1968), correction 
YR = 0.35452 listed by Kunc & Nielsen (1979b); (b) Kunc & Biltz 
(1976); (c) Kunc, Balkanski & Nusimovici (1975a); (d) Farr, 
Taylor & Sinha (1975). Correction to model A: 2 = -0.471 (S. K. 
Sinha, private communication); (e) Vandevyver & Plumelle (1978); 
(f)  Dolling & Waugh (1965); (g) Borcherds & Kunc (1978); (h) 
Vandevyver & Plumelle (1976); (i) Price, Rowe & Nicklow (1971); 
(j) Jaswal (1978c); (k) Talwar, Vandevyver & Zigone (1980); (l) 
Vagelatos, Wehe & King (1974); (m) Jaswal (1978a); (n) Plumelle 
and Vandevyver (1976); (o) Rowe, Nicklow, Price & Zanio (I 974); 
(p) Kepa, Giebultowicz, Burras, Lebech & Clausen (1982), par- 
ameters in private communication from H. Kepa; (q) Kepa et al. 
(1982), parameters from Kepa (1980); (r) Prevot, Hennion & 
Dorner (1977), published parameters are inadequate; those to full 
accuracy obtained from B. Prevot (private communication); (s) 
Jaswal (1978b); (t) Plumelle, Talwar, Vandevyver, Kunc & Zigone 
(1979). Correction for CuCI: F~ = -0.022 (M. Vandevyver, private 
communication); (u) Hoshino, Fujii, Harada & Axe (1976); (v) 
Prevot (1976); (w) reference (c) with correction y~ = 0.2332 
(K. Kunc, private communication). 



JOHN S. REID 3 

which is evaluated numerically. The integral in (2) is, as 
usual, evaluated over a sphere of radius qz whose 
volume equals V z. Hence the zero-phonon term Z is 
entirely calculated from model data. Z decreases very 
slowly with increasing sample size, as N -1/3, being 
about 1% of B at room temperature for N = 0.5 × 10 6. 
An accurate estimate of Z improves the convergence of 
B for increasing sampling density N. 

Useful lattice dynamical information can be found 
by calculating the mass-averaged B value 

= ( m l B  1 + m 2 B 2 ) / ( m  1 + m 2) (5) 

8 ~  2 1 ~ (__~_) (6) 
3 N . / q j  

qJ 

for it can be seen that the mass-averaged value /~ is 
independent of the eigenvectors. 

When comparing model predictions it is convenient 
to select one model as reference and plot the percentage 
deviation of the other models from the reference model 
as a function of temperature for both B 1 (cation) and/) ;  
i.e. to plot 

A1 = (B~n°del--  B~ef') × 100/B~ef" 1 

and 
z~ = (j~model__ Bref.)  X 1 0 0 / / ~  ref" j (7)  

From measurements of these graphs (at the published 

scale) it is possible to recover to model B values to 
good accuracy using the inverse relationships: 

B~ n°del = B~ef'(1 + A,/100) 

B~ n°de' = Bref'( 1 2  + z]/100) + B] ef'ml (A--  Al) 
m 2 100 

(8) 

Although this presentation is inconvenient for those 
who wish tables of  numbers, it both saves space and 
makes the intermodel comparisons much clearer. 

Table 1 summarizes all the materials and the source 
lattice dynamical models considered here. These 
models are the best ones available, all having been fitted 
to phonon frequencies measured by neutron scattering. 
They were implemented using the subroutines of Kunc 
& Nielson (1979a,b) and Nielsen & Jaswal (1982). For 
five models, necessary corrections to the published 
parameters are given in the footnotes. Appendix A 
gives a very brief summary of the models for those who 
are interested in the results but are less familiar with the 
lattice dynamical background. 

Results 

P r e s e n t a t i o n  

For most of the materials a shell model is taken as 
reference and its B values listed to four decimal places 
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Fig. 2. General: (a) Percentage difference of the Debye-Waller B for the cation (Ga in Fig. 2) between various models and the reference 
model. SM shell model (A); VSM valence-shell model (V); DIM deformation-ion model (0); DDM deformation-dipole model ([21); RIM 
rigid-ion model (O). Experimental points, where plotted, are shown by an asterisk (*). (b) Percentage difference of  the mass-averaged J~ 
value from equation (7) between various models and the reference model. P a r t i c u l a r :  GaP. Experimentally determined values for <u 2) 
from 100 to 800 K are given by Bublik & Gorelik (1977) but no details of their experimental method are given nor an account of the 
corrections for any systematic errors. Only the shell model results here show a similar ratio of  B values to their measured ratio. Table 
shows reference B values for shell model. 
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in the model table. This accuracy exceeds the signifi- 
cance of the model, especially considering the variance 
in the input parameters, but is useful for interpolation, 
extrapolation and comparison. The choice of shell 

model as reference is fairly arbitrary and does not 
imply that the shell model necessarily agrees best with 
any experimental data. The differences defined by (7) 
are shown in figures (a) and (b) for each material. More 
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Temperature 
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1.0 0' 1614 0" 1200 
5"0 0.1617 0"1203 

10.0 0.1627 0.1213 
15.0 0-1651 0-1235 
20-0 0.1694 0.1275 
30"0 0.1831 0'1400 
40"0 0.2016 0.1567 
50-0 0.2228 0-1760 
60"0 0'2460 0"1970 
70.0 0"2706 0.2192 
80"0 0-2961 0-2422 
90"0 0"3225 0.2659 

100-0 0-3496 0"2900 
150"0 0.4911 0-4149 
200.0 0"6382 0"5434 
250-0 0.7878 0.6735 
295"0 0"9237 0"7912 
300-0 0'9388 0.8043 
350"0 1.0906 0-9357 
400.0 1.2429 1-0673 
500"0 1.5485 1-3311 
600-0 1'8548 1'5954 
700.0 2-1615 1-8599 
800-0 2.4685 2.1245 
900"0 2.7757 2-3893 

Fig. 3. General: as for Fig. 2. Part&ular: GaSb. The experimental point shown for B6, is from Morion, Fukamachi & Hosoya (198 l a,b). 
Their value for Bsb is extremely low. The results of Bublik & Gorelik (1977) at room temperature are in quite good agreement with 
SM(A), both in respect of magnitude and ratio. SM(B) could not be distinguished from SM(A) by the originating authors on grounds of 
goodness of fit or interpretation of parameter values. It does, however, produce BGa < Bsb, contrary to experimental results. Table shows 
reference B values for shell model (A). 
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5.0 0-1387 0-1399 

I0.0 0.1392 0.1404 
15.0 0.1402 0.1415 
20.0 0.1422 0.1436 
30.0 0.1489 0.1512 
40.0 0-1590 0.1626 
50.0 0.1714 0.1766 
60.0 0-1855 0.1924 
70.0 0.2008 0.2095 
80.0 0.2171 0.2276 
90.0 0.2341 0.2464 

100.0 0.2516 0.2657 
150.0 0.3452 0.3682 
200.0 0.4439 0.4757 
250.0 0.5451 0.5855 
295.0 0.6373 0-6853 
300.0 0.6476 0-6965 
350.0 0.7509 0.8082 
400.0 0-8547 0.9205 
500.0 1-0632 1-1458 
600.0 1.2725 1-3718 
700-0 1.4822 1.5983 
800.0 1.6921 1.8249 
900.0 1-9023 2.0518 

1000.0 2-1126 2.2787 

Fig. 4. General: as for Fig. 2. Particular: GaAs. The experimental values are from G. J. Mclntyre (to be published - private 
communication). Matsushita & Hagashi (1977) quote two possibilities for J~, the larger choice agreeing closely with Mclntyre's value. 
Bublik & Gorelik (1977) confirm the ratio of BGa/BAs obtained by Mclntyre, though their B results are lower. Only the VSM predicts 
B6a > BAs, as required by experiment, but its absolute values are not in particularly good agreement with experiment. Table shows 
reference B values for shell model C(ii). 



JOHN S. REID 5 

recent experimental B values are also included on the 
graphs. Comments specific to one material are located 
in the figure caption for that material. 

The figures are numbered as follows: Fig. 2 GaP; 
Fig. 3 GaSb; Fig. 4 GaAs; Fig. 5 InP; Fig. 6 InSb; Fig. 
7 InAs; Fig. 8 ZnO; Fig. 9 ZnS; Fig. 10 ZnSe; Fig. 11 

ZnTe; Fig. 12 CdTe; Fig. 13 HgSe; Fig. 14 HgTe; Fig. 
15 CuCI; Fig. 16 CuBr; Fig. 17 CuI; Fig. 18 SiC. 

With increasing temperature, the high-temperature 
limit is reached by a few hundred degrees K. The 
difference graphs then become horizontal for they 
contain no more information than a constant dif- 
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Fig. 5. General: as for Fig. 2. Particular: InP. Both models make Btn > Bp by a substantial amount, contrary to the results of Bublik & 
Gorelik (1977). The small kinks in the curves are insignificant arte~cts of rounding to four decimal places. Table shows re~rence B 
values for valence-shell model. 
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70.0 0.3547 0.2997 
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200.0 0.9233 0-7724 
250.0 1.1479 0-9597 
295.0 1.3508 1-1289 
300.0 1-3734 1.1478 
350.0 1-5994 1.3363 
400.0 1-8257 1.5252 
500.0 2.2789 1.9034 
600-0 2.7325 2.2821 
700.0 3.1864 2.6610 
800.0 3.6405 3.0401 

Fig. 6. General: as for Fig. 2. Particular: InSb. The experimental points are a conversion of O M values given by Bilderback & Colella 
(1976). Both Kyutt (1975) and Bublick & Gorelik (1977) obtain approximately the same ratio for Bm/Bsh, this ratio being similar to that 
given by the shell model only. However, Kyutt and Bublik & Gorelik do not agree about the magnitude or temperature dependence of the 
B values. Table shows reference B values for shell model. 



6 D E B Y E - W A L L E R  FACTORS OF Z I N C - B L E N D E - S T R U C T U R E  MATERIALS 

ference between Debye temperatures. Should harmonic 
predictions for the B's be required at elevated tempera- 
tures up to the melting point or phase transition they 
can be obtained to full accuracy by linear extra- 
polation of the data presented. (See Appendix B for a 
comment on Debye temperatures for these materials.) 

Compar&ons with experiment 
The comparison of experimental results and 

theoretical calculations of B values is so fraught with 
difficulty that no attempt has been made to mark error 
bars on the graphs that include recent experimental 
values. On the experimental side, it is clear from 
experience with better-studied materials that in addition 
to the random errors generally quoted there are 
unknown but possibly substantial systematic errors 
arising from the various assumptions made in process- 
ing the raw data to obtain the B values. Work done 
during the past decade has tried to correct deficiencies 
in previous approaches but, in the absence of a study of 
these systematic errors, merely considering the quoted 
statistical errors is misleading. In the most careful 
studies, authors tend to quote standard errors of  
between 0.5 and I. 5 %. 

On the theoretical side, the scene is equally dis- 
astrous for different reasons. One cannot estimate 
properly the variance of B even for models with quoted 
parameter errors, for the parameters are correlated by 
unquoted amounts. In the absence of pairwise 
covariances for the parameters, insufficient statistical 
detail is available to answer the relevant question: 'If a 

new set of  frequencies were remeasured with compar- 
able accuracy, a model refitted with' similar parameters, 
by how much would one expect the new B values to 
differ from the ones calculated here?' The refitting 
process necessary to provide the answer was con- 
sidered excessively lengthy. To obtain a qualitative 
guide, a set of  random deviations were made to the 
parameters for GaSb based on the quoted errors. The 
resulting dispersion curves were examined to see if they 
remained reasonable. These deviations typically pro- 
duced B values different by a few percent with 
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(K) Bz. B o 

1.0 0.1426 0.2164 
5.0 0.1428 0.2165 

10.0 0.1431 0.2168 
15.0 0.1437 0.2174 
20.0 0.1446 0.2182 
30.0 0.1478 0.2207 
40.0 0.1533 0.2245 
50.0 0.1610 0.2292 
60.0 0.1706 0.2349 
70.0 0.1816 0.2411 
80.0 0.1937 0.2479 
90.0 0.2068 0.2551 

100.0 0.2205 0.2627 
150.0 0.2958 0-3054 
200.0 0.3769 0.3546 
250.0 0.4607 0.4085 
295.0 0.5374 0.4600 
300.0 0.5459 0.4658 
350-0 0.6320 0.5255 
400.0 0.7186 0.5867 
500.0 0.8927 0.7125 
600.0 1.0677 0.8411 
700.0 1.2431 0.9713 
800.0 1.4188 1.1026 
900.0 1-5947 1.2347 

1000.0 1-7707 1-3672 

Fig. 8. ZnO. B values for valence-shell model. 
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Fig. 7. General: as for Fig. 2. Particular: InAs. The two valence-shell models given similar results. All models generate B~. appreciably 
greater than BAs compared with the slight excess in the results of Bubik & Gorelik (1977). Table shows reference B values for 
valence-shell model (A). 
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moderate, but not complete, correlation in the changes 
for the two ions. 

Some further comparisons between independent 
model calculations and recent experiment, arising out 

of studies of 119Sn impurity Debye-Waller-factor data 
in the III-V semiconductor elements only, are made 
by Nielsen, Larsen, Damgaard, Petersen & Weyer 
(1982). 

12 

8 

8 
~ 4 

--4 

D D M  

~ ' - ~  " VSM(IIa)  

VSM(Ia) 

DIM 
o I 

0 100 200 300 400 500 
Temperature  (K) 

(a) 

Temperature 
2 ~ ~ D D M  (K) 

1.0 
• 5.0 

10.0 
15.0 

~ ~  20.0 
1 30.0 

40.0 
RIM 50.0 

-- - - - -- -': 60.0 
70.0 

• -~" 0 VSM(Ia)  80.0 
• x~ 90.0 

lOO.O 
150.0 
200.0 
250.0 
295.0 

- 1  300.0 
350.0 
400.0 

DIM 5oo.0 
; VS'M(IIa) 600.0 

- 700.0 - 2  
0 100 200 300 400 500 800.0 

900.0 
Temperature  (K) 1o0o.o 

(b) 

Bz, Bs 

0.1728 0.2004 
0.1730 0.2006 
0.1739 0.2015 
0.1756 0.2031 
0.1783 0.2055 
0.1872 0.2129 
0.2007 0.2235 
0.2176 0.2363 
0.2370 0.2508 
0.2582 0.2665 
0.2807 0.2832 
0.3042 0.3007 
0.3285 0.3189 
0.4570 0.4173 
0.5915 0.5237 
0.7288 0.6345 
0.8537 0.7363 
0.8676 0.7477 
1.0072 0.8626 
1.1473 0.9784 
1.4287 1.2120 
1.7108 1.4472 
1.9933 1.6833 
2.2762 1.9199 
2.5592 2.1570 
2.8424 2.3943 

Fig. 9. General: as for Fig. 2. Particular: ZnS. The experimental results are those of  Moss, McMullan & Koetzle (1980) at 285 and 473 K 
and Cooper ,  Rouse & Fuess (1973) at 295 K. Vagelatos et al. (1974), who originated the valence-shell models for ZnS, favoured the 
'high-Z'  model VSM(IIa)  although it includes very large deformation charge values d. The comparison here suggests that VSM(Ia),  an 
equally good fit to the phonon data, is preferable, particularly in regard to B s. The DIM,  which produces very good dispersion curves by 
fitting only six parameters ,  gives B values rather close together for the two ions in the high-temperature limit. It has the interesting feature 
that B s is 20% greater than Bz ,  at low temperatures but 4% less than Bz ,  at high temperatures.  Table shows reference B values for 
valence-shell model (Ia). 
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Fig. 10. General: as for Fig. 2. Particular: ZnSe. The experimental points are from the X-ray study of  McIntyre,  Moss & Barnea (1980). 

Only the valence shell model is in reasonable agreement with these values. Table shows reference B values for valence-shell model. 
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Interpretation 

At all temperatures the B values represent a sum 
over eigendata weighted towards the lower frequencies, 
the weighting shifting with increasing temperature to 
emphasize the low-frequency contribution. This shift in 
weighting is responsible for the generally greater 
difference between models at high temperatures, reflect- 

ing a large variation in the low-frequency predictions of 
the models. From a lattice dynamical point of view this 
is at first surprising because different treatment by the 
models of atomic polarizability and short-range forces 
is primarily aimed at accounting for behaviour away 
from the dispersionless region. The origin of the effect 
lies with several factors: the relative paucity of data at 
low frequencies because measurements are made at 
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Fig. 11. General: as for Fig. 2. Particular: ZnTe.  The  experimental points from Cooper et al. (1973)  marginally favour VSM(I), the ' l o w - Z '  
model  of Vagelatos et al. (1974).  As with ZnS, this choice is not that made by Vagelatos et aL t hough  the results here suggest that the B 
values should be seriously considered when deciding on a 'best' model. Table shows reference B values for the valence-shell model  (I). 
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(a) (b) 
Fig. 12. General: as for Fig. 2. Particular: CdTe.  SM(I I )  fitted the piezoelectric constant (e~4) whereas SM(1) did not.  The results here 

confirm that the two models are lattice dynamically.very similar. Table shows reference B values for the valence-shell model  (I). 
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equispaced wavevectors; the higher susceptibility of the 
lower frequencies to the importance of systematic 
spectrometer instrumental resolution corrections and, 
finally, the variation in fitting procedure particularly 
with regard to the incorporation or absence of elastic 
constant data. 

Looking broadly over the graphs (a) which reflect 
the variations in individual B values between models, 
one cannot but be surprised at the wide range of 
predictions for most materials. This is not a happy 
situation if one wishes to select a theoretical value for 

Temperature 
(K) BHg Bse 
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5.0 0.2157 0-1585 
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Fig. 13. HgSe. B values for non-central rigid-ion model. 

use, as is necessary for many of the materials in the 
absence of reliable experimental values. From the 
lattice dynamical viewpoint it is most encouraging for it 
highlights that the Debye-Waller factor provides a 
stringent test of the reasonableness of a model although 
it is only an average quantity. Looking over the graphs 
(b) for the mass-averaged B values one sees a level of 
agreement amongst models almost an order of mag- 
nitude better. Since B depends only on the eigen- 
frequencies, this confirms that the models are indeed 
consistently good fits to the experimental phonon 
frequencies and squarely attributes the differences 
between the individual B k values to the eigenvector 
ratio I g" (1/qj)l 2/I g' (2/qj) l 2 representing the ratio of 
displacement amplitudes of the ions. 

Some general remarks can be made about intermodel 
comparisons. The mass averaged /~ from the 14- 
parameter rigid-ion models (RIM) are within a few 
percent of the shell model values for more than half of 
the materials, though the individual B values differ by 
typically 30%. The 15-parameter deformation-dipole 
models (DDM) tend to show similar discrepancies to 
the rigid-ion models. One concludes that there are 
distinctive features of the dynamical matrix for each 
model which lead to restrictions on the character of the 
predicted eigenvectors regardless of reasonable param- 
etrizations of the model. However, the RIM and 
DDM are equally likely to produce positive or negative 
differences with the shell model. The valence-shell 
model (VSM) predictions on the other hand are nearly 
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Fig. 14. General: as for Fig. 2. Particular: HgTe.  The models of Kepa et al. (1982)  (see Table 1) for HgTe and HgSe are all very sensitive 
to lattice constant, particularly with respect to transverse acoustic branches. The DDM model for HgTe  in particular shows a rapid 
decrease of many of these frequencies with decreasing lattice constant. This may be precursive of the transition of these materials to the 
cinnabar structure under pressure. Table shows reference B values for deformation-dipole model. 
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always larger than those of the 14-parameter shell 
models. The DIM models look sufficiently promising to 
merit a more systematic study. 

Since the experimental results available tend to 
support the shell model predictions, it seems reasonable 
to suggest that the RIM and DDM have something 
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Fig. 15. General: as for Fig. 2. Particular: CuCl. Experimental points are from the neutron results of Sakata, Hoshino & Harada (1974), 
the lower values, and the X-ray results of Valvoda & Jecny (1978), the upper values. The observed B is substantially larger for copper 
than that given by most models, possibly indicating that the copper ions have a significant mobility or disorder displacement at room 
temperature. The SM, DIM and RIM(I) were fitted to 4.2 K phonon frequencies whereas RIM(2) was determined from a different 
room-temperature study. The DDM is not shown because with the parameters of Kunc et al. (1975a) it is unstable in some off-symmetry 
regions. (Kunc attributes this feature to the use of erroneous experimental input data.) Table shows reference B values for shell model. 
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Fig. 16. General: as for Fig. 2. Particular: CuBr. Experimental points from Harada, Suzuki & Hoshino (1976) at 300 K and Butt, Rouse 
& Thomas (1978) confirm that as with CuCI the B value for Cu is much greater than that given by the models. Indeed, the discrepancy is 
the largest of the three copper halides suggesting a mobility of the copper sublattice that makes the interpretation of a lattice dynamical 
model questionable. Table shows reference B values for shell model (I). 



inherently unsuitable in their dynamical matrices, a 
feature that could not be detected from merely fitting to 
phonon frequencies. Since all the models actually have 
more parameters than those fitted, the remaining ones 
being chosen as zero or set equal to the others by 
assumption, it appears that the assumptions made in 
implementing these models need serious recon- 
sideration. In the case of the DDM this conclusion 

40 

lends strong support to Kunc's own suggestion (Kunc, 
Balkanski & Nusimovici, 1975a,b) that the defor- 
mable-bond approximation should be dropped in future 
work with this model. 

It is also very clear for these materials, some of the 
simplest for which the eigenvectors play a significant 
role in the Debye-Waller factors, that no model 
generally produces acceptable agreement with those 
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Fig. 17. General: as for Fig. 2. Particular: CuI. Experimental points from Morion et al. (1981a). No great accuracy is claimed in this 
experiment using the anomalous scattering and no systematic corrections were made for diffuse scattering. Nonetheless the results 
continue to show an appreciable excess of Bcu of experimental values over model predictions for the copper halides not at variance with 
their known superionic conductivities at higher temperatures. Table shows reference B values for shell model. 
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Fig. 18. General: as for Fig. 2. Particular: SiC. Table shows reference B values for deformation 
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experimental results available. Though the current 
generation of models is much superior to the previous 
generation, they cannot be considered as the last word, 
particularly in their present parametrizations. Many 
models fit the dispersion curves well, as measured by a 
gross statistic like Z 2, but an examination of the 
residuals even by eye shows systematic trends both 
within and across materials. These differences are on 
the scale of a few percent. As far as the Debye-Waller 
factors are concerned the disagreement with available 
experimental results is generally by much larger 
amounts. 

I am very grateful to Ole Holm Nielsen for allowing 
the use of his DIM subroutines prior to publication. 

APPENDIX A 
The models used 

The shell model (SM) was originally based on the idea 
that each ion could be represented by a core which 
moved with the nucleus and a massless charged shell 
which represented (outer) electrons that moved signifi- 
cantly differently. Therefore, each atom was repre- 
sented by two entities. Short-range harmonic forces 
were included between all entities involving first- and 
second-neighbour ions. Long-range electrostatic forces 
were included using Coulomb coefficients. The model 
was soon recast into the less pictorial language of a 
general second-order expansion of the lattice dynamical 
energy in terms of atomic displacements and induced 
dipoles. The apparently more general approach con- 
tained no terms missing in the first formulation though 
the convenient parameters were now somewhat dif- 
ferent. In this form there are about 41 parameters that 
could be used for a zinc-blende-structure material. This 
large number was reduced to 14 by Dolling & Waugh 
(1965) when considering the material GaAs. The 
reduction was based on some (subjective) physical 
argument and a fair amount of arbitrary choice. Almost 
all subsequent work with the shell model for the zinc 
blende structure and the group IV elements has used 
Dolling & Waugh's 14-parameter version of the shell 
model. 

The valence-shell model (VSM) considers that the 
important short-range degrees of freedom are asso- 
ciated with bond bending and stretching of linked 
groups of ions. Hence the large number of degrees of 
freedom in the shell model is reduced by trying to 
identify appropriate linear combinations of motions to 
parametrize. The 12 parameters of the standard 
valence-shell model can be used to generate an 
equivalent shell model which does not, however, satisfy 
the Dolling & Waugh criteria. 

The deformation dipole model (DDM) was formu- 
lated independently of the shell model, notably by 
Hardy and Karo (e.g. Hardy, 1962), and differs 

principally in its method of treating the instantaneous 
total dipole moment in a unit cell. More recently the 
model has been generalized by Kunc et al. (1975a,b) 
and in this form should be similar to a general shell 
model. However, in its actual implementation for the 
zinc-blende-structure materials simplifications have 
been made, guided by plausible physical arguments, 
which reduce the number of parameters to 15 in the 
so-called 'deformable-bond approximation'. These 
simplifications include the neglect of 'non-local 
polarizabilities', giving a model that is different from 
the implementation of the shell model. 

The deformation ion model (DIM) is the only model 
in which some of the long-range electrostatic forces are 
considered to be screened by a high-frquency dielectric 
constant. In addition, some further polarizability 
parameters are included over those present in the 
implementation of the DDM. The short-range forces 
have generally been treated as valence forces and a 
combination of physical insight and ad hoc 
assumptions used to reduce the numbers of adjustable 
parameters for a given material to a number less than 
ten. 

The rigid-ion model (RIM) includes long-range 
electrostatic forces but no ionic polarizability. It cannot 
therefore give a satisfactory account of properties like 
the dielectric constant. Nevertheless the rigid-ion model 
is a surprisingly good fit to the dispersion curves of 
many zinc-blende-structure materials. The only ar- 
bitrary assumption is one of range of the forces and 
there is some degree of self balancing in that the ionic 
charge controls the ratio of long-range to short-range 
forces. There are no equivalent sets of force constants 
that produce identical frequencies and eigenvectors and 
for this and other reasons the model is the only 
workable one that can be used to investigate substi- 
tutional impurities. Not surprisingly, it is generally the 
first model to be applied to a material and is the only 
model for which, in simple versions, previous 
theoretical studies of the Debye-Waller factors for 
zinc-blende-structure materials have been made. 

APPENDIX B 
Debye temperatures 

Debye temperatures have not been mentioned in the 
text although they are frequently mentioned in the 
literature concerning mean-square displacements of 
zinc-blende-structure materials. The Debye model is 
strictly for one atom per unit cell, where the B value 
does not depend on the displacement eigenvectors. In a 
standard notation (e.g. Willis & Pryor, 1975), the 
Debye temperature O M is related to B by 

O,r/T 

e - - -  - - + I  . (B1) 
mk.  O~ (e ~ - 1) -T- 
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At least three different ways of  using this equation for 
zinc-blende-structure materials can be identified in the 
literature: 

(a) Use of  O M as a single parameter to express the 
temperature variation of  B k. This is valid in the 
high-temperature limit. Setting B k --, B and m k --) m in 
(B 1) gives a different t9 M for each atom type. 

(b) Using the result of (6) t h a t / )  is independent of  
eigenvectors and of the same form as that in a 
monatomic cubic crystal. Set t ing/ )  --, B and (m I + m2) 
--, m in (B 1) gives 0 M for B. 

(e) Using the linear temperature dependence of  the 
Debye model to fit (an average) d B J d T  and setting 
(1/m 1 + 1/m2)/2 ~ 1/m in (B1). 

Other schemes could be in use, for authors often fail 
to mention the details of  their conversion to Debye 
temperatures. Care should be taken in interpretating 
published figures. 
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